CONCERNING THE WAVE EQUATION ON ASYMPTOTICALLY 
EUCLIDEAN MANIFOLDS 



CHRISTOPHER D. SOGGE AND CHENGBO WANG 



Abstract. We obtain KSS, Strichartz and certain weighted Strichartz esti- 
mate for the wave equation on (M. d , g), d > 3, when metric g is non-trapping 
and approaches the Euclidean metric like (x)~ p with p > 0. Using the KSS 
estimate, we prove almost global existence for quadratically semilinear wave 
equations with small initial data for p > 1 and d = 3. Also, we establish the 
Strauss conjecture when the metric is radial with p > 1 for d = 3. 
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1. Introduction and Main Results 

This paper is devoted to the study of the semilinear wave equation on asymp- 
totically Euclidean non-trapping Riemannian manifolds. We shall obtain almost 
global existence for quadratic semilinear wave equations with small data, and show 
that the Strauss conjecture holds in this setting, in dimension d = 3. 

In Minkowski space, the quadratically semilinear wave equation has been thor- 
oughly studied. Global existence is known in dimension d > 4 for small initial data 
(see Klainerman and Ponce [19] and references therein) . Almost global existence in 
dimension d — 3 for small data was shown by John and Klainerman in [Uj . Almost 
global means that the life time of a solution is at least exp(c/<5) with some c > 0, 
where S is the size of the initial data in some appropriate Sobolev space. Note that, 
in dimension d = 3, Sideris [27] has proved that global existence does not hold in 
general (see also John [10]). 



The first author were supported by the National Science Foundation. The second author was 
supported in part by NSFC 10871175. 
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In [14] ; Keel, Smith and Sogge gave a new proof of the almost global existence 
result in dimension 3 using estimates (known as KSS estimates) of the form 

(ln(2 + T))- 1 / 2 ||( 2 ;)- 1/2 U '|| L 2 ([0!T]><R 3 ) < ||«'(0, -)IU"(a») + / W F ( S > OlU^jds, 

Jo 

and a certain Sobolev type estimate due to Klainerman (see [IB])- Here u solves 
the wave equation Du — F in [0, +oo) x M. d and v! = (dtu,d x u). Earlier versions 
of (jl.ip appeared before. The first ones appear to be due to Morawetz [26] and 
Strauss [33], who proved somewhat weaker versions of (|l.ip . See also [17]. In [14] 
existence results for the non-trapping obstacle case were also obtained. In [15] . 
similar results were obtained for the corresponding quasilinear equation (see also 
Metcalfe-Sogge [2"3]V 

Recently, Bony and Hafncr 3] obtained a weaker version of KSS estimate in the 
current setting and proved the long time existence for quadratic semilinear wave 
equations with small data. In the present paper, by using results of Metcalfe- 
Sogge [23], we are able to prove the full KSS estimate, and hence the almost global 
existence for the quadratic semilinear wave equation. 

Recently, in Minkowski space, Fang and Wang [6] and Hidano-Metcalfe-Smith- 
Sogge-Zhou [9] proved the Strauss conjecture with low regularity for d = 2, 3, 4, by 
using a weighted Strichartz estimate of the form 

(1.2) lll^-^-^U^^IKO, OllflZ + \\dtu(0, oila r i + \\F\\ Ll ^ rl 
for 7 G (1/2 — 1/r, d/2 — 1/r), r £ [2, oo], where we use the notation 

p OO 

ll/IU! ir<1I L£ = ll(y \WM"Wij>M^MA) l,r \\Li, 

with LP denoting the L p -norm on iS*™" 1 with respect to the standard measure. In 
this paper, we obtain a somewhat weaker version of this estimate in this general 
setting, which suffices for us to establish the Strauss conjecture for d = 3 (when 
the metric is radial). 

Using ideas from Burq |T|- Metcalfe [2!2], Smith-Sogge [3jT and Hidano-Metcalfe- 
Smith-Sogge-Zhou [9], we can also use the local energy decay estimates to prove 
global Strichartz estimates in this setting. We should point out, though, that 
the idea that, in many situations, local energy estimates can be used to prove 
global Strichartz estimates occurs in many other works. The first seems to be 
that of Journe, Soffer and Sogge [12] who proved global Strichartz estimates for 
Schrodinger operators with potential using local energy estimates (local smoothing) 
for e ltA . Stafhlani and Tataru 32J extended this philosphy by considering more 
general perturbations of A, and more recently Metcalfe and Tataru [24] used the 
philosophy that local energy estimates imply Strichartz estimates to handle (small) 
metric perturbations of □ = df — A. Thus, in many ways, some of the techniques 
employed in this paper are not novel, since they have been used in many earlier 
works. A slight novelty, though, might be that we obtain our global estimates 
by combining local energy estimates (in this case due to Bony and Hafher [3]) 
with global Strichartz estimates not involving A, but rather small perturbations of 
the Laplacian. The ones that allow us to prove the aforementioned (sharp) KSS 
estimates are due to Metcalfe and the first author [23], while the ones that allow 
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us to prove the standard mixed-norm Strichartz estimates are due to Metcalfe and 
Tataru [24]. 

Let us now state our precise results. We consider asymptotically Euclidean 
manifolds (K , fj) with d > 3 and 

d 

g = g-ij (x) dx l dx-i . 
ij'=l 

We suppose gij(x) £ C°°(IR d ) and, for some p > 0, 

(HI) V«eN d d«{g ij -8 ij ) = 0{{x)-\ a \-<>), 

with 5ij — S** being the Kronecker delta function. We also assume that 

(H2) g is non-trapping. 

Let g(x) = (det(g)) 1 / 4 . The Laplace-Beltrami operator associated with g is given 
by ' 



where g 1 -* (x) denotes the inverse metric. Note — A g is self-adjoint non-negative on 
L 2 (R d , g 2 dx), while P = —gA s g~ x is self-adjoint non-negative on L 2 (M. d ,dx). Let 
Q = ftkj ■= Xkde — xidk be the rotational vector fields. We consider the following 
semilinear wave equation 



(1.3) 



'□„u = Q(u'), (t, x) £ K+ x R d 
u(0,x) = uq(x), dtu(0, x) — ui(x), x£ 



Here D = d 2 — A B and Q(u') is a quadratic form in v! = (dtu,d x u). One of our 
main results is the following theorem. 

Theorem 1.1. Assume hypotheses (|Hlj) and (|H2p with p > 1. Suppose Uq,Ui £ 
C^°(M. 3 ), and 

(1.4) Y, P^ a u \\ Ll + Y \\d^ Ul \\ Ll <6. 

\a\+\/3\<5 * |q| + |/3|<4 

For 6 small enough, the problem (|1.3[) has a unique almost global solution u £ 
C°°([0, T s ] x R d ) with T s = exp(c/S) for some c> 0. 

The main ingredient of the proof are estimates of type Let us therefore 

consider the corresponding linear equation. Let u be solution of 



(1.5) 

With the notation 



{df - \)u(t, x) = F(t, x), (t, x) £ R + x R d 
u(0, x) = uq(x), d t u(0, x) — u\(x), x £ R d . 



'ln(2 + T)- 1 / 2 p=l/2, 
, 1 M>l/2, 
we have the following KSS estimate. 
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Theorem 1.2. Assume that ([Hi) and (fH2|) hold with p > and let p > 1/2, 

d > 3. For al/ e > 0, the solution of (|1.5|) satisfies 

(1.6) 

A M (T) (IK^-^'H^ + IKa;)-"-^!!^,) < ||«'(0, OIUs + IK^+^IU?^ 
where we use L\ to denote F 2 g j T y 

We remark that our estimate (|1.6p agrees with ones in Bony and Hafner [3J when 
p > 1/2, while for p = 1/2 they are slightly stronger since we obtain the sharp 
bounds with A 1/2 (T) = (ln(2 + T))" 1 / 2 , as opposed to the bounds of T _£ , e > 0, 
in [3]. This improvement allows us to obtain the almost global existence results 
alluded to before. On the other hand, our proof is very similar to that of Bony 
and Hafner [3J and papers that preceded it, starting with [TV A slight point of 
departure is that we combine local energy estimates (due to Bony and Hafner [3J) 
not with global KSS estimates for A but rather for small metric perturbations of 
A (which are due to Metcalfe and the first author [23). 

To prove the nonlinear theorem, we need to get higher order estimates. For this 
purpose, let us put Z = {dt, d x , fi}, Y = {d x , fl}, X = {d x }. Then, we have 



Theorem 1.3. Assume that (|H1[) and (|H2|) hold with p > 1. Let N > and 
p > 1/2. The solution of (jl.5| satisfies 



sup £ \\d^P^ 9 u(t,-)\\ L2 + A,{T)\\{x)-^\{Z«uy\ + ^)\\ L2L2 
o<t<T — * — (a;) - 

l<fe+j<Af+l |a|<W 

(i.7) < E ll( yQ «) / (°.-)IL 2 + E / T 11^(5, olLj^- 

|a|<iV " |a|<AT^° 

Note that the estimate (|1.6I) can be viewed as the local energy decay estimate 
for rj fl . The local Strichartz estimates for variable coefficient wave equations have 
been studied extensively, see e.g. Kapitanski p2], Mockenhaupt-Seeger-Sogge [2"5] . 
Smith [29], Bahouri-Chemin [1] [2], Tataru [34] [35] [37]. And recently, Metcalfe 
and Tataru have obtained global Strichartz estimates involving small perturbations 
of the Minkowski metric in As we mentioned before, by combining these with 
local energy estimates we shall prove global Strichartz estimates for D B . 

For the Minkowski case, it is known ([TB], [2D]) that we have Strichartz estimates 
if (s,q,r) is admissible, i.e., 

-<mm(-,^^---j), (,,r)^(2,oo),(oo,oo), s = d ^---j--. 

Our global Strichartz estimates for D fl are the following. 

Theorem 1.4 (Global Strichartz estimate). Assume that (|Hljl and (|H2|) ZioZrf wzi/i 
p > 0. rf > 3 a?7,d s £ [0, 1] (s G (0, 1) if d=3). The solution of (|1.5j) satisfies 

(1-8) IML?l s ^ H u oIIh 3 + ll«i||^.-i + II^IIl;^-i> 

/or any admissible (s, g, r) g > 2. r < oo. 



The proofs of Theorem 11.21 and Theorem 11.41 follow a similar strategy. We first 
use results from 23J and [24: to show that we can construct a metric g which agrees 
with g near infinity and has the property that the bounds in these two theorems 
are valid if D B is replaced by Dg. Then, by adapting arguments from [4] and [30] . 
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we can use these estimates along with the local energy decay estimates for D fl 
(see Lemma [2.61 below) to show that D g satisfies the same global estimates as its 
compact perturbation Dg. 

Now let us describe the weighted Strichartz estimate and its application to 
Strauss conjecture in this general setting. Let p > 1, 

_ d 2 11 
Sc ~ 2 ~ p~l' Ssb ~2~ p- 
The equation that we shall consider is 

Ud 2 t - A g )u(t,x) = F p (u(t,x)), (t,x)eR+xR d 
1 u(0,x) = u (x), dtu(0, x) — ui(x), x G M d , 

We shall assume that the nonlinear term behaves like |m| p , and so we assume that 

(1.10) £ \u\ j \dlF p (u) \ < \u\ p . 

a<j<i 

See [31], §4.4 for a discussion about how s > s s b is needed for local existence, while 
s c is critical for global existence. 

We can now state our existence theorem for (|1.9j) . Due to some technical dif- 
ficulties, we are only able to deal with only the case where g^(x) = h(\x\)6 1 ^ for 
some function h. 

Theorem 1.5. Assume that g^(x) — h(\x\)5 l i for some function h, (|Hlj) and (|H2|) 
hold with p > 1, d = 3 and p > p c = 1 + \/2. Then for any e > such that 

(1.11) s = s c - e e (s sb , 1/2), 

there is an 6 > depending on p so that (|1.9p /ias a global solution satisfying 
(Y a u(t,-),d t Y a u(t,-)) e H s x i/ 5 - 1 , |a| < 1, t G K +7 whenever the initial data 
satisfies 

(1.12) E (ii^oiUs + r a ^iiij»-o<<* 

witt < (5 < Jq. 

Existence results of this type when A g = A are a celebrated result of John [TU] . 
Subsequently, Strauss conjectured that for dimensions d > 2 the critical exponent 
for small data global existence for equations of the form p. 91) (when A g = A) 
should be the positive root of the equation (d — l)p 2 — (d + l)p — 2 = 0. This 
conjecture was settled for the Minkowski space case in [7], [8], [21], [28] and [38] . 
See [3T] for further discussion. 

As in the case of (|1.3[) . the main ingredient of the proof are estimates of type 
(|1.2[) . If we consider the corresponding linear equation (|1.5[) . then we have the 
following estimate, where the metric is not restricted to the special case where 
g i i(x) = h(\x\)6V. 

Theorem 1.6. Assume that ([Hi) and ([H2|) hold with p > 0, d > 3, 2 < q < oo 

and s G (s s b(q), 1]. For all e,n > smaJi enough, the solution of (|1.5p satisfies 
(1.13) 

IIM* - ** 1 — e «IU L^ + ll^>^^^llL ?i <ll«o||^ + ll«illHr 1 + H i? llL^r 1 
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We should comment on the hypotheses in the existence theorems. First, because 
of the various commutator terms that arise in the proofs we are, at present, only 
able to handle semilinear terms in the existence theorems involving quadratic non- 
linearities, as opposed the the quasilinear case (for O g = d^ — A) treated in [15]. For 
similar reasons, in our results involving the Strauss conjecture, due to difficulties in 
dealing with commutators involving the vector fields and D B we have to assume 
that the metric g is spherically symmetric. For similar reasons, although the linear 
estimates just require the hypothesis that p > currently our techniques require 
the assumption that p > 1 in the hypotheses of the nonlinear theorems. We do not 
know, however, what the natural assumption regarding p should be for the latter, 
though. 



2. KSS Estimates 

In this section, we give the proof of the KSS estimates. First, we will need the 
following lemmas, where we denote d x := d x g~ x . 



Lemma 2.1 (Theorem 1.3 and Proposition 4.6 in [3]). Assume that (jHlj) and (|H2j) 

hold with p > 0, then for all e > 0, the solution of the equation (<9 2 + P)u = F 

satisfies 

(2.1) 

Remark 2.1. In fact, from the proof of Proposition 4-4 an d 4-6 in [3], we also 
have 

(2.2) ||<a:)-«- e u|| z . a(RxRi) <||(ft,P 1 / 2 )u(0,.)IU"Ci»-) + IK^^IU^x^)- 

Lemma 2.2 (Theorem 5.1 in [23]). Let D h = <9 t 2 - A + h af) (t,x)d a df}, h a P = h fia 
and ^2 \h a ^\ < S. Then if 5 > is small enough, d > 3, the solution to the equation 
□hit = F satisfies 

(ln(2 + T))- I ||(x)- 1 / 2 (| U '| + M)||2 2([oT]xRd) + \\{ X )-y^{\u'\ + ^)\\l 2([oT]xRd) 

(2-3) <\\u'(0 r )\\l 2md) + £ J (\F\ + Qh'\ + ±)\u'\)dxdt 

for any e > 0. 

To obtain higher order estimates, we will need the following. 

Lemma 2.3 (Lemma B.13, 4.1 and 4.2 in [3]). For all -3/2 < /x < fi < 3/2, we 
have 



(2.4) ||(x}-^H| L2m <||(^r^ 1/2 H 



L 2 (R d ) ' 



d 



( 2 - 5 ) IK^^^II^CR") ~ E IN"^" 



=1 



Also, foru£ H 1 ^), 

(2.6) WP^uWvm < WVg^uh^ < WP^uh^y 
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We also need a lemma which says that the homogeneous spaces defined by P 
and —A are essentially the same. In what follows, "remainder terms", rj, j E N, 
will denote a smooth function such that 

(2.7) d«r j (x)=0((x)-P-i-W). 
Lemma 2.4. If s E [—1, 1], then 

(2.8) H*. * \\P s/2 u\\li. 
If SE [0,1], 

(2-9) \\d 3 u\\H-s<\\P 1/2 u\\H-^ 

(2-10) \\P 1/2 u\\hs<Y1\\ B o u \\h.- 

j 

Moreover, we have for s E (0, 2] and 1 < q < d/s, 
(2.H) \\P s/2 u\\lI<\\u\\hs,- 

Proof. For the first estimate (|2.8p . by interpolation and duality, we need only to 
prove the estimate for the special case where s = 1, i.e. 

||Vm|| L 2 ~ WVg^uW^. 

In fact, 

HVg-^llL^IKV^HUs + ||<r 1 Vu|| i 2<(||V<r 1 |U d + ||. 9 - 1 ||^)||V M || L 2. 
By the hypotheses (|Hip and the ellipticity of P, we know that 

Image(g) C (6, 6' 1 ), \dg\, {dg' 1 ] = ©((.t)- 1 ^) E L d , 1 1 = <D((x)- 2 -») E L d ' 2 

for some 8 > 0. So we know that 

||VHU 3 <||Vu|| La 

whenever h = g or h = g^ 1 . 

To prove (|2.9p , we note first that by the first inequality (|2.8[) . 

11^/11*-! = l|a,-fl- 1 /IU-i<llff- 1 /llL a <ll/IU"<l|i ,1/a /llH-i. 

Thus the inequality (|2.9[) follows from interpolation with (|2.6p . 
Note that by (|2T9]| . 

[(p 1 / 2 /,^/ 2 /*)! - |<p/,/»)| - l(.gV47^ l / l >|<^||a J /||^||p 1 /^||^ s , 

this gives (|2T0f . 

For the last inequality, let a 4 -? = g 2 ^ 1 -' and Pj = dia^dj, then P<? = g~ 1 P 1 , 
€ and a s a y € L d . Denoting L> = v^A, then for 1< q < d 

||Pi-D- 2 u|U«<)|(fi?ta«)d i 2?- 2 t*lU« + ||a*^X)- a fi!ia,«|U.<l|«||i«. 
Thus if 1 < g < d/2, 

||Pu||i, = llg-'Pig-'uh^lPig^^lL^llD^-'uU^inH^- 

Consequently, the last inequality in the lemma follows from interpolating with the 
trivial estimate where s = 0. ■ 

Using this we can obtain analogues of Lemma 12.11 and Remark 12.11 involving 
-A„. 
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Corollary 2.5. Assume that (IHljl and (|H2jl hold with p > 0, then for all e > 7 
the solution of the equation (d 2 — A fl )w = F satisfies 

(2.12) \\{x)-i-*d t , x u\\ Llx + \\{x)-^u\\ L2 ^ < \\d t , x u(0,-)\\Ll + \\(x)i +£ F\\ Llx . 

Proof. Let v = gu and G = gF, then we have 

{d 2 -g\g^)v = G. 
Then by Lemma [2TT1 Remark |2~TI (|2l| and (|23|l in Lemma [231 we have 

+ ||{x)-f-^|| LL < \\(x)-i-<(d t ,d x )v\\ Llx + ll^-i-^n^ 

< \\{x)-^/\d t ,P^)v\\ L ,+\\{ x )-i-^ 



< 
< 
< 



\\(d t ,pV 2 )v(0,-)\\ Ll + \\(x)^ 2 G\\ Ll 
\\(d t ,d x )v(0,-)\\ L * + \\{x)^F}\ LU 
\\(d u d x )u(0,-)\\ L s+\\{x)i + *F\\ L? . 



This completes the proof. ■ 
We now establish the local energy decay estimates for the O g . 

Lemma 2.6 (Local Energy Decay). For the linear equation (|1.5p . if F{t,x) = 
for \x\ > R with R fixed, then for fixed f3 £ C{f(W d ), we have 

(2-13) IHLfffi ~ ll^oll^i + \\ui\\ L 2 + \\F\\ L 2 Ll . 

Moreover, if F = and s G [0, 1], then 

(2-14) IHL»*. £ WM^ + WMm- 1 - 

Proof. By (I2.12|) . noting the support property of the forcing term, we know that 

\\{x)- l l 2 - S {d U d x )u\\ LU + \\(xy^ 2 -"u\\ L ^ < \\uoUi + |K|U 3 + \\F\\lty 

Thus 

II^IL ?ff ^ll^) _1/2 ^(^^)IL L ^ii u oii^ + WMli + \\f\\ LIx . 

In the case F = 0, let v = gu, then we have (d 2 — g^. s g~ r )v = 0. Note that 
||fl , M||^ r i<||u|| i ^i , this gives by duality. Thus we have by (|2.1|) . 

INL?. £ II^IL?,.— II <^>~ 1/2 ~ e ^IL ? ^^11-^(0. oii^^+ii^^co, oii^r-i <ii^oiiz.-+ii^xii^ 

This completes the proof by interpolation with (|2. 13[) . ■ 

Now we are ready to give the proof of the KSS estimates presented in Theorem 
11.21 In the proof, we shall cut the solution into two parts: a spatially localized 
part and the part near spatial infinity. For the localized part, we can use the local 
energy decay in Lemma l2.61 while for the part near infinity, we can view the metric 
as small perturbation of the Minkowski metric and use Lemma 12.21 

To this end, we introduce a cutoff function 4> £ which equals 1 in the unit 
ball B\ and support in Bi and let 4>r{x) = (f>(x/R). Let v = <pR u and w = (l — (f> R )u 
with R ^> 1 to be determined later, then 

n s v = [-A g , cf> R ]u + (j> R F := / + (p R F. 

n B w = -[-A fl , <t> R \u + (1 - ^r)F := -f + (1 - <t> R )F. 
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By ([232]) . we have 

(2.15) \\f\\ Llx <U 2R d x u\\ Llx + ||&*u||z».<||uo|lHi + H«ilU» + \W 2+e F\H tX - 
Note that v is compactly supported in x, so Lemma 121)1 applies, i.e. 

(2.16) IHl'hi + WMIl* ^Ikoll^ + hill^ + ll^) 172 ^!!^ • 
If we define 

(2.17) ^ = (i-^/2)g y ' + 0fl/2^', 

then 

A = r 2 di~g i3 ~g 2 d.j = A + !>'•<),<), + b t d l + c 

ij 

where h ij = (1 - (t> R / 2 )(g 13 - S ij ), b l = (1 - (j) R /i)r\ and c = (1 - ^R/ 4 )r 2 , with the 
rj satisfying the bounds in (|2.7p . Thus since, Aw = A B w, w satisfies 

(2.18) (<9 2 - A - = D s w + (b% + c)w = (1 - <j> R )F - / + (6*$ + c)w := G. 

Note that by (|H1|) and choosing i? ^ 1 large enough, /i y will be small enough 
so that we can apply Lemma 12.21 with e < p/4, 

RHSof(M| < |K(0,.)||£ a(R < ) + f f(\ w '\ + ^-\ (\G\ + (\ h '\ + JL)\ w '\)dxdt 



+11 (x)- 1 / 2 -/ 2 + 111... 

Lemma 12.21 



Since we know from Lemma 12.2 
\\(x)-^- 



and 

S-l/2- 



w I + 73 I II 



||(ar) 1/a+e (6 i a i +c)ii;|| l4i- <|Ka J )- 1 /a+^ (Vl + || L ^<||(.x) 
Thus combining (|2.15p . 

rhs of m<\Wo\\^ + Hik + ii<^) 1/2+ ^iil^- 

Applying Lemma l2~2l and (|2.16p . we get finally that 
(ln(2 + T))-^\\{x)- 1 '\\u'\ + M)|| ia <|| Uo || dl + || Ul ||^ + \\( X )^F\\ L ^, 



Therefore, we can use Lemma [2.21 to see that w also satisfies the bounds in (|1.6[) . 
which completes the proof of Theorem 11.21 
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3. Higher Order KSS Estimates 

In this section, we prove the KSS estimates involving high order derivatives as 
stated in Theorem 11.31 

We first give the KSS estimate for P. Consider the equation 



(3.1) 



I (d 2 + P)v(t, x) = G(t, x), (t, x) e R+ x R d 
\u(0,x) = v (x), dtv(0,x) = vi(x), xeR d . 

Recall that if we let v — gu and G = gF, then 

(3.2) (d 2 ~A B )u = F^(d 2 + P)v = G. 
Thus we have also the following KSS estimate 

(3.3) A,(T) + \\{x)-^ l v\\ L Q < ||t/(0,-)|U 2 + \\{x)^G\\^ m 

for \i > 1/2 and e > 0. 

For dgSlPv, we will use induction on \/3\ to give the proof. First, for = 0, we 
have 

(d 2 + P)d«v = dZG+{P,d«}v. 
Locally, by ellipticity, we have 

E ii^/ii^sE ii^/ii^ i<2R + ii^/ii^ i<2r! 

|et|=2 |/3|<1 

and so, by an induction argument, and (|2.4p and (|2.5|) in Lemma l2.3[ 

iwk,<, * E ii^'/H,< 2R + E w pj fH^ 

2j"+1<|q| 2j<|a| 

< \\(xr 2 f\\ L2 + n^r 1 ^ 72 /^. 

3<|o|-l 

Thus by the KSS estimates ([OJ). (|23|) and (|2~TU|) . 

E ii 9 >ik w <* £ Eii^)" 1 ^ pi/2 HU?„ + n^)" 2 «iU 2 

|a|<JV+l i<iV 

< X! (R^ /2 «olU* + II^ V VIU" + ||<x> 1/2+e/2 ^ /2 G|| L? 

j<N 

(3-4) < 2 (ll^Nll^ + H^ilU 2 + ||<z) 1/2+e ^G|U ? J . 

/3<7V 

Using again (|3.3p . we have 
(3-5) A,(T) \\(*r*(\(W\ + ^)\\ L >Z 

\a\<N ^ ' 

E (ll^oll^ + \\d>i\\ L l + ll(^) 1/2+e ^G|| L ^ + IKz^^HLl 

\a\<N 

for /la > 1/2 and e > 0. Note that 

|[p,^]«|<<a J )-"- 1 £ |3M + <*>-'->!, 

i<hl<|o|+i 



THE WAVE EQUATION ON ASYMPTOTICALLY EUCLIDEAN MANIFOLDS 



11 



if choose e > small enough so that 1/2 + e — p — 1 < — 1/2 — 3e and R 3> 1, 
E ||<z) 1/2+e [P,a>|| L ^< £ £ ||( x )-i/2-(| (a>) '| + ^)|| + J2 \\d>\\ L ? Ll 

\a\<N \ot\<N * ' |a|<AT+l 



So the first term in the right hand side of the inequality can be absorbed by (|3.5[) 

with p = 1/2 + e. Thus for p > 0, p > 1/2 and e > 0, 

(3.6) 

a,(t) E ll^)^(l(5»'l+^)|| L ^< E (ll^ll^ + ll^ilUs + IK^+'WU?, 

|a|<JV ' ' T ' X |a|<iV 

Now we claim that for p > 1, p > 1/2 and e > 0, we have 

A,(T) E ||(^)-' i (|(^Vl + ^^)L 2 < 
(3.7) E (ll^o^oii^ + ||^n^iu s + \\{x)V^d«nPG\\ Ll 

\a\ + \p\<N 

We use induction on to give the proof. Assume the estimate (|3.7[) is true for 
\I3\ < k, then 

(d 2 t + p)Qv = nc + [p, n]v 

and we are reduced to estimate 

E ||<z> 1/2+£ ^[P,nHU^ 

|a| + |/3|<AT-l,|/3|</c 

by IpTr) , Note that 

[P,fi]« = E r l7|-2 l9 >> 
l7l<2 

where are functions satisfying (|2.7[) . Thus if p > 1 and e > small enough such 
that p > 1 + 2e, 

E ||(:r) 1/2+£ ^[P^HlL^ 
|a|+|0|<!V— l,|/9|<k 

a| + |/3|<Af,|/3|<fc ' ' 

< E n^)- 1/2 - £ (i(^n^)'i + M)ii LS . B <02j. 

\a\ + \f3\<N,\p\<k ' ' 

Since 9* commutate with + P, we can conclude that for p > 1, p > 1/2 and 
e > 0, we have 



A,(T) E ||<*>^(l(^Vl + m9 rT V] )\\ L%x < 

j+\a\ + \0\<N ^ ' 

(3.8) E (iKaf'^n^yco.oil^ + IK^^+^'^Gii^J. 



i+|a| + |/3|<AT 
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Combining the energy estimates, we get the following estimates 

> WiKl" -r{l..)\\, . + > .l„C/')!!<.r> -"(|(Z",M' + Z ' 

0<t<T 



sup E \\d^P' /2 v(t,-)\\ L2 + E A,(T)\\(x)-^\(Z a vY\+ l -j^)\\ L2L2 

|q|<A x ' 

E flK z V(o,-)|| £a + / T ||^ Q G( s ,-)|| i2 dA 

.i^«V 31 Jo "J 



l<k+j<N+l \a\<N 
< 



\oc\<N 

for the solution to the equation (|3. 1[> . For the || (Z a v)'(0, ■) \\ L2 part, if it has dl 

component with j > 2, we can use the equation to reduce it to the case c^~ 2 , with 
an additional term 

E \\z a m-)hi< E \\ za G{t,-)\\ Llw ^< E ii^ Q G(i,.)Li L - 

|q|<A-1 |ct|<AT-l |q|<AT 

This means that 

sup E \\d?pi /2 v(t,-)\\ L2 + E ^(T)||(x>-ni(^)'l + ^r)|| i2i2 

- - l<k+j<N+l \a\<N x 1 

(3-9) < e ||0"V>'(0,-)|L 2 + E / T ||^ Q G( S ,.)|| L2 d S . 

\a\<N \a\<N u 

Turning back to the equation (|1.5[) . let v ~ gu and G = gi* 1 , then (d 2 + P 2 )v = G 
with i?o = guo, vi — gu\. Note that 

d x u = g^d x gu - g' 1 (d x g)u = g^d x v - g~ 2 (d x g)v, 

we have 

E nw-'m^yi + 1^1)|| s £ + 

|a|<JV v ' |a|<iV v ' 

This concludes the proof of Theorem 11.31 

4. Almost Global Existence 

In this section we shall prove one of our main existence theorems, Theorem ll.il 
The proof will be similar to that of Keel, Smith and Sogge for the Minkowski case 
(see Q3]). We start with the now standard Sobolev estimate (see [T8]). 

Lemma 4.1. Suppose that h S C°°(IR 3 ). Then, for R > 1, 

(4-1) \\h\\L=°(R/2<\x\<n) ^ R^ 1 E ll^"' l IU 2 (-R/4<|a;|<2_R)- 

M<2 

We now define the bilinear form Q by Q(u',u') — Q(u'). The following estimate 
for the nonlinear part will be crucial. 

Lemma 4.2. We have 



E ll^>0|| i2(R3) < E IN- 1/2 ^1l i2(R3) E IK*r 1/2 ^'fc 

|a|<4 ^ |q|<4 ' ^ |a|<4 
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Proof. We clearly have the pointwise bound: 

\ZPQ(u',v')( S) x)\ <( ]T \Z°<u'(s,x)\\( \Z a v'(s,: 

M<4 ' ^ a|<2 



£ \Z a v'(s,x)\^J2 \Z a u'(s,x)\y 



a|<4 ' x |a|<2 

We need only to estimate the first term. Using Lemma 14.11 for a given R = 2 3 
j > 0, we get 

\\Z Q(u',v')\\ 2 L2({lxle[2J2J+1]}) 

< o-2j \\7 a n,'\\ 2 ll7 Q ,/H 2 

~ Z llL 2 ({|a;|G[2J,2J + 1 ]}) Z^ Hl^I^G^- 1 ^ 2 ]}) 

a|<4 |a|<4 

< V \\(x)- 1/2 Z a u'\\ 2 V lkx^ 1/2 Z Q w'H 2 

~ 11^ ' llL 2 ({|x|e[2J,23 + 1 ]}) Z^ II W IIl 2 ({|k|g[23- 1 ,23+ 2 ]}) 

|a|<4 |a|<4 

< x: ii(-)- i/2 ^iiL( { i„ e[ 2,,2, +1]} ) e ii<*>- i/a wi' a 

|q|<4 |q|<4 



We also have the bound 
\\Z p Q{u',v')\\ L2{{]xHX}) < ^2 \\Z a u'f L2{{[x]<2}) W Zav '\\ 2 LH{\x\<2}y 

\<L \a\<L 



Summing over j gives the lemma. ■ 

Proof of Theorem EH We follow [14]. Let U-i = 0. We define u k , k e N 
inductively by letting u k to solve 



(4.2) 



in B u k = Q{u' k _ t ), 

1 u(0, x) = uq(x), dtu(0, x) — u\{x). 



For T > 0, we denote 

M k {T)= sup ll 9 t pj7 Vfe|L 2(R 3 ) +E( b ( 2+T ))" 1/ 1^)" 1/2za <ll^ao,T]> 

n -*- T l<i+j<5 |q|<4 

Using Theorem II .31 we see that there exists a constant Co such that 

M (T) < C S, 
for any T. We claim that, for k > 1, we have 
(4.3) M fc (T 4 ) < 2C 5, 

for (5 sufficiently small and Tg appropriately chosen later. We will prove this induc- 
tively. Assume that the bound holds for k — 1. By Theorem 11.31 we have, for 6 
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small enough, 



M k (T s ) <C S + CJ2 I 5 \\Z a Q(u' k _ 1 ){s,-)\\ L2{Kd) ds 

<C S + C £ r \\{x)- 1,2 Z a <-i 
i 37, Jo 



»|<4' 



< C S + Cln(2 + Ts^M^iTs) 

< Co5 + C\n(2 + Ts)(2C S) 2 , 

where we have also used Lemma 14.21 and the induction hypothesis. Then, to prove 
(|4.3|) , it is enough to have 

(4.4) C S + C\n(2 + T S )(2C Q 5) 2 < 2C S <S=J> 4CC ln(2 + T S )S < 1. 

Therefore, we can set Tg = exp(c/<5) and c small enough. 

To show that the sequence u k converges, we estimate the quantity 

A k (T)= sup Yl II^^K-^-Oll^^) 

0<t<T i^+j-^g 

+ ( ln (2 + T 5 ))- 1 / 2 ||^)- 1 / 2 Z«K-t t U)|L 2([0) T]x^)- 

|o|<4 

It is clearly sufficient to show 

(4.5) A fe (T) < ^A k _ x {T). 

Using Lemma 14.21 and repeating the above arguments, we obtain 

\\/«.\-i/2?<xr„,i _ „>. M, 

Il 2 ( 

|a|<4 

x E (||^>" 1/az X-i|L 3 ( R -) + ||^>" 1/a ^X-alU»(ir*))da 

q|<4 

< Cln(2 + T 5 )(M fc _ 1 (T 5 ) + M fc _ 2 (T 5 ))A fe _ 1 (T 5 ). 
Using ()4.3|) . the above inequality leads to (|4.5| if (5 is small enough. 



5. Global Strichartz Estimates 

In this section we shall prove Theorem 11.41 the global Strichartz estimates for 
□ a . The proof will follow closely the arguments of [3U] , [I] and [5] , which dealt with 
compact perturbations of the Minkowski metric or obstacle case. 

Recall that we have equivalence (|3.2p between the wave equations involving P 
and — A fl . We need only to give the proof for the case of following equation, 

Ud 2 + P)u(t,x) =F{t,x), (t,x)eR+xR d 
1 u(0, x) = uq(x), dtu(0, x) — u\{x), iel li . 

As in [S], we will need the following four ingredients: local energy decay for 
df + P, local Strichartz estimates for df + P, global Strichartz estimates for df + P 
with g = g in |x| > R for some R > 0, and an estimate for df + P like Proposition 
2.1 in 0. 
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Let us give first the estimates for <9 2 + P, where g is defined by (12.17p . i.e., 

= (1 - (/> R/ 2)g ij + tofiSV. Then 

P = - V ld x ~g ij fdil = -d i g ij d j + b l d t + c 
^-^ q q 

where b l = —2g~ 1 d J (gg' /j ) — gg^djg' 1 + djg lj and c = g~ 1 d l (g lj djg). 
Consider the wave equation 



(5.2) 

We denote 



\d? + P)u = 0, (i,x)eIR + xR d 
Tt(0, x) = Tto(x), dtu(0, x) = tti(x), xG 



A,- = R x {2 j < |x| < 2 J+1 }, A<j- = R x {|x| < 2 3 }. 

By hypotheses (|H1|) . we can see that if i? ^> 1 so that i?~ p < e, 
(5.3) 

^sup|x| 2 |V 2 5 iJ (x)| + |x||Vg y '(x)| + \g ij (x) - <f J '|< ^ sup \x\-»<R-» < e 
i£Z Aj ' J>ln(-R) Aj ' 

and, for the lower order terms, 

(5.4) ^sup|x| 2 |Vo*(x)| + |x||&*'(x)|< sup|xr p <e, 

jez A i J>ln(i?) Aj 

(5.5) ]Tsup|x| 4 |c(t,x)| 2 < J2 ^p|x|- 2 "<e. 

jez A J 3>ln(R) Aj 

Thus we can apply Theorem 6 in Metcalfe- Tataru [21] to get the following 

Proposition 5.1 (Global Strichartz Estimates for Small Perturbation). Let d > 3, 
s £ [0, 1] (s £ (0, 1) if d — 3). The solution of (|5.2| satisfies 

/or any admissible (s, g, r) with q > 2, r < oo. In other words, we have 
(5-7) ll^ Va /|| i|£: < II/IIa-, 

As a corollary, we can get an estimate for 9 2 + P like Proposition 2.1 in [9]. 

Proposition 5.2. Let d > 3, s £ [0,1] (s £ (0,1) if d = 3). The solution u of 
(df + P)u = f3F — F satisfies 

(5-8) W u \\l1l z ~ M*- + IM*-* + II^Hl?*- 1 . 

/or any admissible (s, g, r) with q > 2, r < oo. 

Proof. Applying (|2.14[) in this setting, we know that for any s £ [0, 1], 

By duality, this is equivalent to say that for s £ [—1,0], 

|| j e- itpl/2 pF(t,-)dtU B <\\f\\ L * H *. 
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Combining ()5.7|) and Lemma \2Ai ([27 

At-s)P^p-m mS) . )d4 < || I e - ispl/2 p-^F(s,-)dsU a 



Since q > 2, we can apply the Christ-Kiselev lemma [5] to conclude the proof. ■ 

Now we give the local Strichartz estimates for the d 2 + P. Consider the wave 
equation 



(5.9) 



{d? + P)u{t,x) = 0, (t,x)eR+xR d 
u(0,x) = uq(x), dtu(0, x) = ui(x), x S 



The local Strichartz estimates for the variable coefficient wave equations was studied 
extensively, see e.g. Kapitanski [13], Mockenhaupt-Seeger-Sogge [25], Smith [29] . 
Bahouri-Chemin pQ [2], Tataru [34] [35] [37]. In particular, we have 

Lemma 5.3 (Theroem 1.1 in Tataru [37]). If (d t , d x ) a a lj (t, x) e L^^Lf for 
any \a\ = 2 and (d 2 — did 13 (t, x)dj)u — F, then 

/or any admissible (s,q,r) with r < oo. 

Note that we can write 

9 t 2 + P = d 2 - <),,!' i), + b*di + c 

with V = 0{{x)- l - p ) and c = C((a;)~ 2 -' > ). Moreover, for a ij = g ij and \a\ = 2, we 
have d£a ij (x) = 0((x)- 2 -p) e L] e[01] L™. Then for the equation ([0]) . we have 



z? 1 — < IKIk- ^ + H^u + cu\\ L]Ll 



J t£[0,l] a= 11 " te[o 

~ ll«'IUf| IOll] i2 

(5-10) < ||t*o||^i + ||ui|U 



by energy estimates and Lemma 15.31 Moreover, we can prove the following 

Proposition 5.4 (Local Strichartz Estimates). Let s <= [0,1], (s,g, r) admissible 
with r < oo, and u be the solution to the equation (|5.9[) . then 



(5-11) H«IU« 6[0il] i;^ll«o|lA. + ll«i|lA.-i- 

Proof. Since (d 2 + P)u = 0, we have (<9 2 + P)P^ 1 u = 0. Thus by ([2"Hj) and 
([HH]) in Lemma l2~4l and (j5T0|) , 

||d|r« rr < 1 1 P^ P^ U I \ rl rr 

< ll-P^Uollffi + ||P^ i «l||L2 

< II«o|Ia. + II«iIIa.-i. 
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if (s,q,r) is admissible, s G [0,1] and r < -rzr, i.e., s > 1 — p Since (s,g, r) is 
admissible, then if <i = 3, we must have q > 2, 

d d 1 d 
s = > 1 . 

2 r q r 

Similarly, if d > 4, we have q >2, 

d d 1 d-1 d d 

s= > > 1 - -. 

2 r q 2 r r 

This means that we have the local Strichartz estimates for all the cases where 
(s, q, r) is admissible and se [0,1]. ■ 

Now we are ready to give the proof of the global Strichartz estimates for d 2 + P. 

Proposition 5.5. For the linear equation (|5.1[) . assume that 

uq(x) = u±(x) = F(t,x) — when \x\ > 2R, 

then for any s € [0, 1] and admissible (s, q, r) with q > 2 and r < oo, we have 

(5-12) ~ IMI*. + W^Wm- 1 + ll^ll^r 1 - 

Proof. One of the key ingredients in the proof is the following variant of Lemma 
[231 which holds for all s <E [0, 1], 

(5.13) ||^«||x,a J fr. ni oo^-- + i ni oo^-.-i<||«ol|^- + ||«x||jars-i + ll^llx^ja--- 1 - 

The L 2 estimate with s = 1 comes from (|2.13[) . then the estimates follow from 
Duhamel's formula and duality. 

To prove (|5.12p . let us argue as before. Let v = 4>3ru and w = (1 — 4>3r)u with 
R ^> 1 as in the definition of g. Then w solves the wave equation for d 2 + P, 

f (d 2 + P)w = {d 2 + P)w = [<f> 3R , P]u 
\w\ t =o = d t w\ t =Q = 0. 

An application of Proposition [5~^1 shows that ||w|Il-'L'' is dominated by ||/3M|| i 2 J j„ 
if P equals one on the support of 4>3 R . Therefore, by (|5. 13|) . ||*tu|| i^i^ is dominated 
by the right side of (|5.12p . 

As a result, we are left with showing that if v = 4>3ru then 

(5-14) \\v\\ LtL r < \\uo\\ A . + WgW^ + WFW^s-r. 

To do this, fix ip € C£°((-l, 1)) satisfying J2T=-oo ~ j) = L For a S iven 3 e N ' 
let Vj — <p(t — j)v. Then Vj solves 

Ud 2 + P)v 3 = ip(t - j)[P, fo R ]u - [d?,<p(t - j))ct>3 R u + <p(t - j)F 
\v j (0,-) = d t v j (0,-)=0, 

while vq = v — YlJLi v j solves 

f (d 2 + P)v = (p[P, <f> 3R ]u - [dl 0\<j>3RU + <pF 
\v \ t =o = «o, d t v \t=o = ui, 

if (p = 1 — J27Li fit ~ i) if i > and otherwise. 
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If we then let Fj = (df + P)vj be the forcing term for Vj, j = 0, 1, 2, . . . , then, 
by (|5.13j) . we have that 

oo 

£ ii^ii 2 ^.-^ + IKII^ + \\n% H ^- 

By the local Strichartz estimates (|5.1ip and Duhamel's formula, we get for j = 
1,2,... 



,J j\\LfL\ 



POO 

< / \\Fj(sr)\\H.-i<bZ\\Wz.>H.-*> 
Jo 



using Schwarz's inequality and the support properties of the Fj in the last step. 
Similarly, 

INIU?z,j < H^olljja + + ||-Fb||ijjj.-i • 

Since q, r > 2, we have 

oo 

IMIljLsSElNlifLs 

3=0 

and so we get 

\Hl tL r<\\u \\l 3 + \\g\\%._ 1 + \\F\\^ A ._ 1 

as desired, which finishes the proof. ■ 

End of Proof of Theorem [TT4J Recall that we are assuming that (d$ + P)u = 0. 
By Proposition 15. 51 we may also assume that the initial data for u vanishes when 
\x\ < 3R/2. We then fix (3 <E C™(R n ) satisfying (3{x) = 1, |x| < R and (3{x) = 0, 
\x\ > 3R/2 and write 

u = u — v = (1 — j3)u + (f3u — v) , 

where u solves the Cauchy problem for (<9 2 + P)u = with initial data (uq, U\). By 
the global Strichartz estimate (|5.8[) . we can restrict our attention to w = f3u — v. 
But 

{d 2 t +P)w = [P,f3}u=G 
is supported in R < \x\ < 2R, and satisfies 

„ M ,,^' „, > 

by Lemma 12.61 Note also that w has vanishing initial data. Therefore, since 
Proposition 15.51 tells us that ||iy|| 2 , L ,. is dominated by the left side of (|5.15[) . the 
proof is complete. ■ 

6. Weighted Strichartz Estimates 
Recall Lemma 12.11 and Remark 12.11 we have the following estimates 

IK^-^-'e^Vll^s^ll/llflj, 

By interpolation, we get 

(6.1) \\\x\- a -^ tp1 ' 2 f\\ LiL ^^ 

for any a € [1/2, 3/2], e > and d > 3. 



(5-15) / \\G(t r )\\%._ 1 dt<\\n \\%. + \\ui\\%._ 1 



(z)-V^'e^ f\\ mi <\\f\\ 
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Recall that Fang and Wang obtained the following Sobolev inequalities with 
angular regularity (Corollary 1.2 in [6]) 

(6.2) \\\^- a f(x)\\ Lr r l+ r,<\\\x\^- a f(x)\\ „_,<||/|| Aa 

1*1 L \x\ H <» 

for a G (1/2, d/2) and some r/ > 0. Then by (|2.8p in Lemma |2"/31 we have 

(6.3) \\\x\i-^ p1 ' 2 f{x)\\ LOa Ll+ n<\W tpl>2 f{x)\\ LTka <\\f\\ ka 

for a G (1/2, 1] and some r\ > 0. 

If we interpolate between (|6.ip and (|6.3p we conclude that, 

(6.4) |||z|i-^- s -v^ v V(z)ll^ 

for any e>0, 2<g<oo and s € (1/2- l/g,l] with rj > small enough. This 
implies Theorem II .61 by Duhamel's formula and observation (|3.2[) . 

Using the weighted Strichartz estimates, we shall prove the Strauss conjecture in 
our setting, by adapting the arguments in Hidano-Metcalfe-Smith-Sogge-Zhou [9]. 

To this end, we define X = X Si<iiq (R d ) to be the space with norm defined by 

(6-5) \\h\\x s , c , q = \\h\\ L ,s(\ x \<R) + || \\\x\i-^~ s ~ £ h\\ L ^ L 2+, 1{lxl > R) , 

if d(i — i) = s. Note that we have the embedding H s C X s> o j00 for s G (1/2, 1] 
by Sobolev embedding and (|6 - 3[) . By duality, we have 

(6.6) *i- s ,o,oc Cff 8 " 1 for se [0,1/2). 

We also denote the space Ys i£ (R d ) with norm 

\\h\\Y s , c = \\(x)-i- s -*h\\ Li . 

Note that by Remark 12. 11 duality and interpolation and the homogeneous esti- 
mate (|6.ip . we have 

(6-7) \\u\\ L 2 Yse + ||u|| £f ,£. + ||ftu|| £f ,^.- 1 <||uo||^ + Ikillnr 1 + ll^ll^'-... 

for the solutions to the linear wave equation (|5.ip and s € [0, 1]. 
Then by (|2.14p and energy estimate, if (9 t 2 + P)u — 0, we have 

IIHIifjj.^llHli-H- + IIHIifij.^lMliy* + HuiUjj.-i, 

for any </> G C^°, s G [0, 1] and p > 2. Thus by ()6.7p and Christ-Kiselev lemma, we 
have 

(6-8) IIHIljh^KIIh. + Ikillfl;- 1 + H F ll£?Y/_ s , e 

for the solutions of the linear wave equation (|5.ip . s G [0, 1] and p > 2. 
In conclusion, by (|6.3p . (|6.7p and (|6.8p . we have 

(6.9) IMIi^nL^.^nL^,, + ^II m o|Ih, + IKIIijj- 1 + W F \\^y{-.„ 

for the solutions to the linear wave equation (|5.ip . if p > 2, s G (1/2— 1/p, 1]. Here, 
it will be useful to note that if d — 3, 4, p > p c , i.e. | — > | — i and p > 1, we 

can choose e > 0, so that s = | - -^j - G (1/2 - l/p, 1/2) and 

(6T0) 4-^±l- s _e ) = -(|-(l- S )) = - S -^. 

2 p 2 2 
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Now we want to prove the higher order estimates for ()6.9j) . We claim that if 
gv(x) = h(\x\)5v, 



(6.11) J2 (\\ 9 ^u\\ Lr + \\d t d^u\\ LriI ,-A < 

|q| + |/3|<1 

E (\\d^u \\ ks + \\Bznf*ui\\ 6i - 1 + \\d^F\\ L2tY ,^ 



\ a \+\p\<i 

for the solutions to the linear wave equation (|5.1[) . if p > 1, p > 2, s E (1/2 — 1/p, 1]. 
As in the proof of (|6.9| . we need only to prove the higher order version of (16. 3|) . 
(EH) and (1631) . 

We first estimate L\Y S ^ part. By (J63|), J23J ((231) in Lemma [231 and d2~8]) (f2TT0|) 
in Lemma [2.41 for any s£ (1/2 — 1/p, 1], 



|q|<1 |q|<1 



< En pJ/2w ii^, e / 2 

< E (ll^' /2 «o||^ + ll^ /2 «i||^-» + \\P' l2 F\\ LlYLs e 
i<i 

< J2 (\\P^u \\ Ll + \\P^-^ Ul \\ Ll ) + E \\d«F\\ LjY , 
i<i M<i 



< 

|q|<1 



E (ll 9 >o||^ + ll^illnr 1 + IICTUrc. 



Note that since g^{x) = h(\x\)5 ij , [P,Q^] = 0. Thus 

E H^IUfn,^ E (\\n a uo\\H* + W^Min- 1 + H^IUrc. 



\a\ = l \a\ = l 

In conclusion, we have for p > 0, 
(6.12) 

E \\d^u\\ LlYs < e (ll^noll^ + II^Vll^.-. + II^FII^ 

M + |/3|<1 |a| + |/3|<l 

We turn to the proof of the higher order estimate for (|6.3|) . Note that we assume 
g^{x) = h{\x\)8 13 ' , then P = —hA + rid + r 2 , and hence by Hardy inequality and 
in Lemma 1231 



IIcMI^HAhIU^IIPuII^ + ||au|| £a + \\t 2 u\\ L 2<\\P 1/2 u\\h^ 
If we interpolate with (|2.9p . we get that for s G [0, 1], 

(6.13) ll«"ll^<l|i ,1/2 «lk- 
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By fO]) . (I6TT31) . ([23]) and (f27TU|) in LemmaEH if (<9 t 2 + P)u = and s e (1/2, 1] 
we have the energy estimate, 

E < Ell pJ/a «ll^ 

|c|<l j<l 



J2(\\P j/ MV)\\H» + \\P j/2 dM0)\\H*-i 
<1 

E (|I»°)IIh s + II^Mo)llfls- 

q|<1 

E (ll 9 >(°)llH S + ll^(0)llffS- 



< 
< 

-I ! 

< 

\a\<l 



and 



J [0.T] 

|q|<1 I«I<1 



U T 1 



E lll^l 4 " 8 ^!!^,,.,^" ~ E (ll<9>(o)l| A , + l!4 a ^(o)||^ rl ) + ||[p,4] 

a|<l 

E (ii 5 x o )ii^ + ii 9 xftw(o)ii Ar i) + e w^ u \y T Hi 

a\<l 1<|,3|<2 

< E (ll 5 >(°)ll^. + II^MoJIlHr 1 ) + E ll^ll^j 

\a\<l |/3|<1 

< (i + r)E (HWo)IIh s + II^^(o)IIki 

ll<l 



Thus for any A; 6 Z, 



E iiM^>(t)ii < e iiM f ~ s <9>iu 

te[fc,*!+i],|x| " te[fc,fc+i],|n 
|q|<1 q|<1 



< E (ii5>( fc )ii^ + ii^ tW (fc)ii Hr 

|a|<l 

< E (l|5>(0)ll^+H^ U (0)|| Hr : 



|a|<l 

Hence we get the higher order version of 3|) if we combine the commutativity of 
P and n, 

(6.14) _^ 

E iiM^ s ^Moii Lrix|i ^< (r-^ii^ + r^vii^- 1 ) 

\a\ + \0\<l *' X M + I/3|<1 

for the solution to the linear wave equation (|5.ip with F — 0, and s € (1/2, 1]. 
We need only to prove the higher order version of (|6 - 8[) now. 
By ([3j|, we know that if (df + P)u = and p > 1, 

\\{x)- l l^d x u\\ L lH^ E II <^> 1/2 ^|| <^> 3/2 e <3_^||^ ? _ <||^-^C0)|| ^.^ll^-^CO^II ^ , 

|a|=2 



\\{x)- 1 ^d x u\\Ll<\\d x um\Ll + ||^(0)|| 
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Thus for s e [0, 1], 

Ud x u\\L^<\\9u(0)\\Hi + \\d t u(0)\\Hs< J2 (ll + ll^u^H^-x) . 

|c*|<l 

Combining the energy estimates, (|6.12|) and Christ-Kiselev lemma, we know that 

(6.15) _^ 

£ ||^o^|| i? ^< Yl (JW&Mh. + ||^oV||^ rl + \\asn p F\\^ Y{ _ 

\ot\+\0\<l |q| + |/3|<1 

for the solutions to the linear wave equation (|5.ip . s E [0,1] and p > 2. This 
completes the proof of (|6.11|) . 

To conclude this section, let us point out that a similar estimate of (|6.11|) holds 
for the solution to (|1.5|) . as in the end of Section[51 Precisely, if g^{x) = h(\x\)5 v ' , 
we have 

(6.16) J2 (ll^^HI £ -^ n£rXwn£?y . i . + ||ft^«|| £r ^_ I ) < 

q| + |/3|<1 

(II^^OH^ + Wd^UtW^ + \\d^F\\ L ,y,_J 

\a\+\0\<l 

for the solutions to the linear wave equation (|1.5|) . if p > 1, p > 2, s G (1/2— 1/p, 1]. 

7. Strauss Conjecture 

In this section, we prove the Strauss conjecture in the setting where g VJ = 
h{\x\)8 ij , p > p c = 1 + \/2 and d = 3, i.e., TheoremO 
By (|6.16p . (|6.6j) and DuhamePs formula, we have 

(7-1) £|a|+|/?|<i (\\d^u\\ LT H°nL^, p + \\d t d^u\\ LT H^) 

< E| a | + |^|<l (ll^O^oll^ + H^UxH^-x + II^FU^J 

< E M+m <i (\\d^u \\ Hs + ll^Vllnr 1 + W d S n0F \\Llxi_ s ^) 

for the solutions to the linear wave equation (|1.5|) . if p > 1, p > 2, s £ (1/2 — 
1/p, 1/2). 

Let us now see how we can use these estimates to prove Theorem ll.5l We assume 
Cauchy data (uq,ui) satsifying the smallness condition (|1.12| . and let u^ ' solve 
the Cauchy problem (|1.9[) with F = 0. We iteratively define w^- 1 , for fc > 1, by 
solving 

(df - A s )u^ (t, x) = F p (u( k - lS > (t, x)) , (t, i)£l + x!l 
u(0,-)=uo, d t u(0,-) = ui. 

Our aim is to show that if the constant 5 > in (1 1 . 1 2|) is small enough, then so is 
M k = £ (l|W fe )|| Lr ^ nifXse(p + \\d t Y<*uW\\ Lr ^ 1 ) 

\a\<l 

for every k = 0, 1, 2, . . . 
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For k = 0, it follows by (17. 1|) that Mo < CqS, with Co a fixed constant. More 
generally, for some iji g (0, 1), (17. 1|) implies that 

(7.2) A/ fe <C 5 + Co £ (IIW-*^^^)!!^^-*^^!.,^) 

a|<l 

+ \\Y a F p (u < - k ~ i y)\\ „, ). 
' /.;/4 1 ""(R + x{xea: |x|<R})/ 

Note that our assumption (|1.10p on the nonlinear term F p implies that for small v 

E i^wi^r 1 E \ Y " v \- 

\a\<l I"|<1 

Since the collection Y contains vectors spanning the tangent space to S 2 , by 
Sobolev embedding we have for any q < oo and 772 € (0, 1) 

Hr-)\\ LZ < E II^WII^s • 

|a|<l 

Consequently, for fixed i, r > 

E II^Fp^-^^r.))!!^ < E ll^ a « ( *" 1} (*.*-)ll^ + , a - 

|a|<l |a|<l 

By (|6.10| . the first summand in the right side of (|7.2p is dominated by CiM^_ 1 . 
We next observe that, for each fixed t, we have 

E ll^> (fc -^)ll i9 U ( , :M <^ E II-II^h^II^*" 1 ^*'-)!!/*^!-! 

|a|<l |a|<l 
where 

1 = J_ J__l 1_ 

9 p-lVl-a 9s 3(p-l) 

It follows by Sobolev embedding on {x : \x\ < R] that 

||w||i«(a::|a;|<H) ~ E ll^ aW IU a »(x:|:c|<R) ) 
|q|<1 

since s G (| - -, |) C [| L r, I - -M, i.e. - = —^j £ [— 1 + — , ^-1. 

^2 p ' 2 ' L2 p— 1 ' 2 p— 1 J ' q p— 1 L q s q s 1 

The second summand in the right side of (|7.2[) is thus also dominated by CiM%_ 1 , 
and we conclude that Mk < Co<5 + 2Co CiM%_ v For <5 sufficiently small, then 

(7.3) M fc <2C <5, = 1,2,3,... 

To finish the proof of Theorem 11.51 we need to show that converges to a 
solution of the equation (|1.9p . For this it suffices to show that 

A* = ||« W -« { *- 1) ||ifj f ..., p 

tends geometrically to zero as k — > 00. Since |-Fp(v) — -Fp(w)| < |t> — «;|( + 
|w| p_1 ), the proof of (|7.3p can be adapted to show that, for small S > 0, there is a 
uniform constant C so that 

A fc < CA fc _i(M fe _i + M fe _ 2 ) p - 1 , 

which, by (|7.3| . implies that < gj4fc_i for small <5. Since Ai is finite, the claim 
follows, which finishes the proof of Theorem 1 1.51 
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